To date, elliptical gear has been commonly used in automobile, automatic machinery, pumps, flow meters and printing presses for its particular non-uniform rotation. However, the dynamic characteristics of elliptical gears have not been clarified yet. In this study, The calculation as well as the experiment of two elliptical gears, which are a single elliptical gear and a double elliptical gear, is carried out to analyze the dynamic characteristics of elliptical gears. General factors including the torque, the rotation speed and the tooth root stress of the test gears are investigated. According to the analysis conducted in this study, the dynamic input torque variation of elliptical gear becomes larger along with the increase of operating gear rotation speed and the experimental one increases much faster than the calculated one over the Critical Rotation Speed of Tooth Separation (CRSTS) of elliptical gear. The experimental input rotation speed varies according to the variation of input torque, leading to the difference between the experimental output rotation speed and the desired one. The calculation results of the CRSTS of elliptical gears are almost equal to the experimental ones. The dynamic load variation ratios of elliptical gear at different angular position as well as their changing trends with operating gear rotation speed are quite different from each other. And the experimental dynamic load variation ratios of elliptical gear show difference from the calculated ones because of tooth separation and tooth impact. The agreement of the calculation and experimental results proves the validity of this study.
Introduction
Elliptical gear is a typical non-circular gear, which has an elliptical pitch curve and transmits a variable-ratio rotation and power simultaneously. Kinematically, an elliptical gear is equivalent to a crossed-link or a cam; however it has no connecting link and low friction loss, and that allows higher operating speeds and heavier loads. In addition, the gear characteristics such as compact size, accurate transmission and ease of dynamic balance are always preferable. Hence, elliptical gears are commonly used in automobile, automatic machinery, pumps, flow meters and printing presses (1) .
Elliptical gears have been studied for decades. For the application of elliptical gears, the design methods of them need to be figured out. A lot of effort has been taken on the synthetic design for elliptical gears (2) - (6) . Katori, Yokogawa and Hayashi (3) obtained the design process for the pitch curve of noncircular gears from various kinematic constraints, with given design specifications such as angular velocity ratio (AVR) curve and center distance. Figliolini and Angeles (5) (6) formulated the synthesis of N-lobed elliptical gears with involute tooth profile by means of envelope theory and Euler-Savary Theorem. In particular, the formulation of both base curves for the right and left involute tooth profiles of N-lobed elliptical gears was obtained for the first time. On the kinematics of elliptical gears, Arakawa and Emura (7) conducted the analysis of the contact ratio of noncircular gears.
Three kinds of contact ratio (instantaneous contact ratio, pitch-average contact ratio and equivalent contact ratio) were proposed and their characteristics were discussed in this research. Then many studies focused on computer aided design and manufacture for elliptical gears (8) - (15) . Mathematical models of elliptical gears with not only involute teeth but also circular-arc teeth which were generated by existing equipments and tools including rack cutters, hob and shaper were developed. Tooth undercutting and pointed teeth were investigated in these researches. Particularly Litvin et al. (14) proposed approaches to generate tooth surfaces by enveloping process for not only planar elliptical gears but also helical ones. Bair (15) developed the tooth profile generation of a crowned elliptical gear, which prevented edge contact when an elliptical gear drive has axial misalignment. Some special applications of elliptical gears were also described in the literature (16) (17) . Emura and Arakawa (16) employed a noncircular gear (proven to be an elliptical gear) for a new steering mechanism, which had the capability of turning a carrier with a small radius. To obtain a grinding pattern preventing the lapping surfaces from repeatedly cutting the optical fibre end face in the same direction, Liu, Chang and Mundo (17) designed an elliptical gear to drive one point of the coupler link along a Figure-8 pattern.
No research on the dynamic characteristics of elliptical gear has yet been described in the literature. Since elliptical gears conduct non-uniform rotation, the inertial torques are yielded when they rotate and increase along with the increase of operating speed, leading to the increase of transmitted load and unthought-of vibration. Therefore it is of great importance to know the dynamic characteristics of elliptical gears for engineers when designing them. In this study, the calculation as well as the experiment is carried out for two elliptical gears, which are a single elliptical gear and a double elliptical gear, to investigate the dynamic characteristics of elliptical gears. And for comparison, two circular gears with the same number of teeth, module, pressure angle, face width, center distance as the two elliptical gears respectively, are also investigated. The general factors including the dynamic torque, the dynamic rotation speed and the dynamic tooth root stress of the four test gears are measured by running tests. The torque variation ratios and the dynamic load variation ratios of the four test gears are calculated. Furthermore, the CRSTSs of elliptical gears which are critical parameter for the vibration analysis of elliptical gear are obtained.
Motion expression

Gear properties of test gears
In this study, two elliptical gear pairs, which are a single elliptical gear pair and a double elliptical gear pair, and two circular gear pairs, which are of the same number of teeth, module, face width, center distance as the two elliptical gear pairs respectively, have been tested. For convenience, the single elliptical gear and double elliptical gear are denoted as elliptical gear I and elliptical gear II. Correspondingly, the two circular gears are denoted as circular gear I and circular gear II. Figure 1 shows the photos of the two elliptical gears. The gear properties of the four test gears are shown in Table 1 .
Motion expression of elliptical gears
The motion of a crossed-link or a cam is usually depicted as the linear or angular displacement of the follower with respect to that of the driver. However, in this study, the AVR which is defined as the ratio of the angular velocity of the driven gear and the driving gear is employed to express the motion of elliptical gears. Let φ represent the angular displacement of the driven gear, θ be the angular displacement of the driving gear, ε denote the flattening factor of the elliptical gears, N depict the number of lobe of the elliptical gears, and φ be the initial phase of the driving gear, then the AVR can be shown as the following equation (18) : 2 2 (1 )
The flattening factor of elliptical gear is defined as:
where r max and r min are the maximum and minimum pitch curve radii of the elliptical gear respectively. For one-lobe elliptical gear, the flattening factor ε is equal to the well known eccentricity of the ellipse e, calculated as 2 2 a b e a
where a is the major radius of the ellipse and b is the minor radius of the ellipse, while for Table 1 Properties of test gears * For elliptical gears, it means average contact ratio (7) . two-lobe elliptical gear, ε is not equal to e. The initial phase φ represents the angular displacement when the driving gear starts to revolve from where the pitch curve radius is minimum. To simplify the formula, it is assumed that φ is equal to zero in this study.
Once the AVR of an elliptical gear pair is determined, one can obtain the angular displacement of driven gear from integral of the AVR with respect to the angular displacement of driving gear, and the changing rate of the AVR, named as angular acceleration ratio (AAR) and denoted as d (4) and (5) Figure 2 shows the motion curves of elliptical gear I and elliptical gear II.
Experimental apparatus and method
Experimental apparatus
In this study, a power absorption type gear testing machine is used for dynamic experiments. Figure 3 shows the scheme of this experimental apparatus, which consists of a variable-speed three-phase asynchronous motor, two torque meters, two rotary encoders or slip-rings, a test gear pair, and an electromagnetic powder brake. The dynamic tooth root stress is measured by using the strain gauge stuck on the non-mesh-side tooth root of the driven gear as shown in Fig. 4 . 
Experimental method
Both the dynamic input and output torques, both the dynamic input and output rotation speeds and the dynamic tooth root stress of the non-mesh-side of driven gear of the four test gears are measured by running test. Load torques are set for 9.8 N-m and 19.6 N-m by the electromagnetic powder brake. The apparatus is driven by the three-phase asynchronous motor for various operating gear rotation speeds. For elliptical gear I and circular gear I, the operating gear rotation speeds are set from 120 rpm to 840 rpm, while, for elliptical gear II and circular gear II, the operating gear rotation speeds are set from 120 rpm to 540 rpm, with each increasing by 60 rpm.
Calculation method and results
In this section, the dynamic calculation is carried out to analyze the dynamic characteristics of elliptical gears. However, the calculation for the dynamic characteristics of elliptical gears in this study is a simplified one based on the following assumptions:
1. All the parts of the experimental apparatus are considered as rigid bodies. There is no dynamic vibration between the parts of the experimental apparatus.
2. There is no gear backlash between meshing gear pair. When the meshing side of gear pair converts between the mesh-side and the non-mesh-side of the gear pair, no tooth impact occurs.
3. The rotation speed of the driving side of the experimental apparatus keeps constant when operating, and then the rotation speed of the driven side accords with the AVR curve of the elliptical gear shown in Fig. 2 and is the desired output rotation speed. Therefore, the inertial torque of the driven side is yielded from the motion variation of the driven side.
4. Along with the increase of operating gear rotation speed, the inertial torque of elliptical gear becomes large, leading to the appearance of tooth separation and Brake Motor Gear box Torque meter II Torque meter I Slip-ring non-mesh-side mesh. When tooth separation occurs the input torque becomes zero and when non-mesh-side mesh occurs the input torque becomes negative.
For clear comparison with experimental results, some calculation results are shown together with the experimental results in Section 5.
Calculation of torque
The input and output torques of the experimental apparatus with elliptical gears can be calculated from the AVR and AAR of elliptical gear.
In the calculation based on the assumptions in this study, the rotation speed of the driving side, i.e. the input rotation speed is considered constant and equal to the motor speed, presented as ω in . Then the driven side of the experimental apparatus conducts variable-speed rotation according to the AVR of elliptical gears. This rotation yields inertial torque and asks for input torque from the driving side just like load torque. Let T i-driven present the total inertial torque of the driven side, J driven depict the total moment of inertia of driven side and the inertial torque of driven side could be calculated as:
Then the input torque could be calculated as:
where T in is the input torque, T l is the load torque which is loaded by the electromagnetic powder brake in this study. The output torque of elliptical gear also changes due to the inertial torque of the parts following the output torque meter (torque meter II shown in Fig. 3 ). Similar to the calculation of the total inertial torque of driven side, the inertial torque of the following parts of output torque meter, denoted as T i-out , can be calculated as:
where J out is the total moment of inertia of the following parts of output torque meter. Then the output torque T out could be calculated as:
Calculation of rotation speed
The input rotation speed of elliptical gear ω in is considered constant and equal to the motor speed in this study. Then the rotation speed of the driven side, i.e. the output rotation speed of elliptical gear which is denoted as ω out can be calculated according to the AVR of elliptical gear as the following formula:
Calculation of the CRSTS of elliptical gear
The Critical Rotation Speed of Tooth Separation (CRSTS) of elliptical gear is an important index for the vibration analysis of elliptical gears. If the operating gear rotation speed goes over the CRSTS of elliptical gear, tooth separation will occur and then non-mesh-side tooth impact and mesh-side tooth impact will also happen. Upon that, the vibration of elliptical gear will become very much large, which will lead to the increase of transmitted load and cause unthought-of problems.
When tooth separation occurs, there is no torque transmitted between the gear pair and the torque of input shaft becomes zero. Set the value of T in in Eq. (7) as zero and then the CRSTS of elliptical gear can be derived. The calculation formula of the CRSTS of elliptical gear is shown as:
Calculation of tooth root stress
In this study, the dynamic load is investigated according to the dynamic tooth root stress (the maximum dynamic tooth root stress during the tooth mesh circle is taken into account). Based on the assumptions of calculation in this study, the calculated tooth root stress of circular gear is constant, showing no increase neither along with the increase of operating gear rotation speed nor with the angular position of driving gear. However, the calculated tooth root stress of elliptical gear varies along with the angular position of driving gear, as well as along with the increase of operating gear rotation speed, due to the variation of AVR and the pitch curve of elliptical gear. 
In this study, Aida-Terauchi's Formula (19) is used to calculate the tooth root stress:
where σ cal is the calculated tooth root stress of the non-mesh-side of driven gear, b is the gear face width, A is the tooth root stress influence coefficient, which is obtained by Aida and Terauchi in Ref. (19) and varies along with the tooth meshing position. By Eq. (14), the tooth root stress at different angular position of elliptical gears is calculated. The calculated dynamic load variation ratio of elliptical gear, which is defined as the ratio of the calculated tooth root stress of elliptical gear at operating gear rotation speeds to that of corresponding circular gear, is used to describe the calculated dynamic load variation of elliptical gear with respect to gear rotation speed in this study. Figure 6 shows the calculated dynamic load variation ratios at different angular position of elliptical gears versus gear rotation speed for load torque 9.8 N-m. As shown in Fig. 6 , the calculated dynamic load at different tooth of elliptical gear as well as its varying trend with the gear rotation speed is different from each other. Due to the inertial torque resulting from the non-uniform rotation of elliptical gear, the calculated dynamic load variation ratios of tooth No.14 of elliptical gear I and tooth No.5 of elliptical gear II increase along with the gear rotation speed and rise up respectively to 11 at 840 rpm and to 10 at 540 rpm; contrarily, the calculated dynamic load variation ratios of tooth No. Under the same gear rotation speed, the calculated dynamic load variation ratio of tooth No.5 of elliptical gear II is larger than that of tooth No.14 of elliptical gear I, and the calculated dynamic load variation ratio of tooth No.16 of elliptical gear II is smaller than that of tooth No.24 of elliptical gear I. These are considered as the inertial torque of elliptical gear II is larger than that of elliptical gear I under the same gear rotation speed. Figure 7 shows the calculation and experimental results of both the input and output torque variation waveforms of elliptical gear I during 2 gear revolutions for load torque 9.8 N-m. The instantaneous AVRs of each time point of the calculated and experimental torque variation waveforms are made consistent to make sure that the calculated and experimental torque variation waveforms are at the same time.
Experimental results
Experimental results of torque
As shown in Fig. 7 , the trends of the calculated and experimental input and output torque variation waveforms agree with each other. The experimental torque variation waveforms show dynamic vibration and, therefore, show difference from the calculated ones. As a result of the inertial torque yielded from the non-uniform rotation, both the calculated and experimental torque variations of elliptical gear get large along with the increase of operating gear rotation speed. The torque variation frequency of elliptical gear agrees with the motion variation frequency of elliptical gear. Under higher operating gear rotation speeds, the experimental torque variation waveforms show flat zones and negative values. These are considered as the appearance of tooth separation and non-mesh-side tooth impact under the operating gear rotation speed higher than the CRSTS of elliptical gear. Along with the increase of operating gear rotation speed, the dynamic vibration of the experimental torque variation waveform becomes larger. This is because tooth separation and tooth impact occur and become acuter along with the operating gear rotation speed.
Input torque indicates the required torque from the motor for the apparatus. In this study, the input torque variation ratio which is defined as the ratio of the amplitude input torque value to the average input torque value (the load torque in this study) is calculated and employed to describe the input torque variation of elliptical gear. Figure 8 shows the calculation and experimental results of the input torque variation ratios versus the operating gear rotation speeds for the four test gears for load torque 9.8 N-m and 19.6 N-m. As shown in Fig. 8 , both the calculated and experimental input torque variation ratios of elliptical gears are much larger than those of circular gears and the experimental ones increase rapidly over a certain gear rotation speed, which is considered to be around the CRSTS of elliptical gear. Both the calculated and experimental input torque variation ratios of elliptical gear II are larger than elliptical gear I because of the larger inertial torque of 
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Vol. 6, No. 4, 2012 elliptical gear II. Under operating gear rotation speeds lower than the CRSTS of elliptical gear, the torque variation ratios of experimental input torque are a little larger than the calculated ones. However, under higher operating gear rotation speeds, the torque variation ratios of experimental input torque get much larger than calculated ones, about 2 times large for elliptical gear I at 840 rpm under 9.8 N-m and 2.5 times large for elliptical gear II at 540 rpm under 9.8 N-m. These are considered as the dynamic vibration gets large under higher operating gear rotation speed because of tooth impact. For load torque 19.6 N-m, the torque variation ratios are accordantly lower than the ones for load torque is 9.8 N-m. Figure 9 shows the comparison of the calculation and experimental results of both the input and output rotation speed variation waveforms of elliptical gear I during 3 revolutions for load torque 9.8 N-m. The instantaneous rotation speeds of input and output shaft are measured at the same time. The instantaneous AVRs of each time point of the calculated and experimental rotation speed variation waveforms are made consistent to make sure that the calculated and experimental rotation speed variation waveforms are at the same time.
Experimental results of rotation speed
As shown in Fig. 9 , even at the operating gear rotation speed of 120 rpm, the experimental input rotation speed of elliptical gear varies periodically, with the variation frequency equal to the variation frequency of motion variation of elliptical gear. Recalling  Fig. 2 , it can be found that close to the angular position of maximum AAR, the experimental input rotation speed gets down to the bottom, while close to the angular position of minimum AAR the experimental input rotation speed rises to the top. The main reason for these is considered to be the response of the three-phase asynchronous motor toward the variation of dynamic input torque of elliptical gear. The largest inertial torque is yielded at the angular position of maximum AAR, while the smallest inertial torque is yielded at the angular position of minimum AAR. Since the experimental input rotation speed varies, the experimental output rotation speed also varies accordingly and goes away from the calculated ones which are the desired output rotation speeds. When the gear rotation speed changes from 120 rpm to 840 rpm, the ratio of the maximum difference between the experimental output rotation speed and the calculated one to the operating gear rotation speed increases from 5% to 12.9% for elliptical gear I under load torque 9.8 N-m. Figure 10 shows the comparison of the calculation and experimental results of the CRSTSs of elliptical gears versus load torques. The CRSTS of elliptical gear can be obtained by measuring the operating gear rotation speed when the measured tooth root stress on the tooth with the minimum AAR of elliptical gear becomes zero. As can be found in Fig. 10 , as increasing the load torque, both the calculated and experimental CRSTSs of elliptical gears become higher, which shows that tooth separation of elliptical gear is inhibited by heavy load. And both the calculated and experimental CRSTSs of elliptical gear II are lower than that of elliptical gear I under the same load torque because of its larger AAR, i.e. inertial torque than elliptical gear I. The experimental CRSTS of elliptical gears is almost equal to the calculated one, which is considered as that at the operating gear rotation speed lower than the CRSTS of elliptical gear, the dynamic vibration is not so strong and the difference of the experimental input torque and calculated input torque is small. Therefore, one can estimate roughly the dynamic CRSTS of elliptical gear from the calculation. 
Experimental results of the CRSTS of elliptical gear
Experimental results of tooth root stress
Dynamic tooth root stress indicates the dynamic load between the meshing teeth. In this study, the tooth root stress of the non-mesh-side of the driven gear is measured by running test and used to illuminate the dynamic load of meshing teeth. Figure 11 shows examples of the experimental tooth root stress waveforms of the tooth No.14 and No.24 of elliptical gear I for 9.8 N-m, which are of the maximum and minimum AAR respectively. The pitch signal in Fig. 11 is of the same cycle as the tooth mesh cycle. As it can be found in Fig. 11 , the experimental tooth root stress of different tooth of elliptical gear is different. The experimental tooth root stress of tooth No.14 increases along with the increase of operating gear rotation speed, however, that of tooth No.24 decreases.
In this study the experimental dynamic load variation ratio of elliptical gear, which is defined as the ratio of the maximum dynamic tooth root stress of elliptical gear at operating gear rotation speeds to that of corresponding circular gear at 120 rpm which is the lowest operating gear rotation speed of the experiment, is used to describe the experimental dynamic load variation of elliptical gear with respect to operating gear rotation speed. Figure 12 shows the experimental dynamic load variation ratios at different angular position of elliptical gears versus operating gear rotation speed for load torque 9.8 N-m. As found in Fig. 12 with Fig. 6 , it can be found that along with operating gear rotation speed the trends of the calculated and experimental dynamic load variation ratios of elliptical gears agree with each other. However, due to tooth separation and tooth impact, the experimental dynamic load variation ratios of elliptical gears show differences from the calculated ones. 
Conclusions
Due to the non-uniform rotation of elliptical gear, the dynamic characteristics of elliptical gears demonstrate particular characteristics compared with circular gears.
1. Both input and output torques of elliptical gear vary periodically according to the non-uniform rotation of elliptical gear. The torque variation ratio of elliptical gear becomes much larger than that of circular gear along with the increase of operating gear rotation speed due to the inertial torque of elliptical gear. And the torque variation ratio of double elliptical gear is even larger than that of single elliptical gear because of the larger motion variation of double elliptical gear. As a result of the appearance of tooth impact, the experimental torque variations of elliptical gears are much larger than the calculated ones over the CRSTS of elliptical gears.
2. The experimental input rotation speed varies according to the variation of input torque. Since the experimental input rotation speed varies, the experimental output rotation speed of elliptical gear also varies and goes away from the calculated one. The maximum difference between the experimental output rotation speed and the calculated one of elliptical gear becomes larger along with the increase of operating gear rotation speed.
3. There is a CRSTS for a certain elliptical gear apparatus. Over the CRSTS of elliptical gear, tooth separation and non-mesh-side and mesh-side tooth impact occur, leading to the increase of dynamic load. When higher load torque is set, the CRSTS of elliptical gear gets higher, which indicates that tooth separation of elliptical gear is inhibited by heavy load. Between single elliptical gear and double elliptical gear, the CRSTS of double elliptical gear is larger due to its larger motion variation. The experimental CRSTS of elliptical gear is almost equal to the calculated one.
4. The tooth root stress of elliptical gear at different angular position is quite different from each other. Along with the increase of operating gear rotation speed in this study, the dynamic load variation ratio of elliptical gear at the tooth with the maximum AAR gets several times larger, while it decreases and becomes negative at the tooth with the minimum AAR. For other teeth of elliptical gear, the dynamic load variation ratios are probably between the above two values. The trends of the calculated and experimental dynamic load variation ratios of elliptical gears agree with each other. However, due to tooth separation and tooth impact, the experimental dynamic load variation ratios of elliptical gears show differences from the calculated ones.
The agreement of the calculation and experimental results proves the validity of this study. 
